Modeling extended lactations for the US Holsteins is useful because a majority (>55%) of the cows in the present population produce lactations longer than 305 d. In this study, 9 empirical and mechanistic models were compared for their suitability for modeling 305-d and 999-d lactations of US Holsteins. A pooled data set of 4,266,597 test-day yields from 427,657 (305-d complete) lactation records from the AIPL-USDA database was used for model fitting. The empirical models included Wood (WD), Wilmink (WIL), Rook (RK), monophasic (MONO), diphasic (DIPH), and lactation persistency (LPM) functions; Dijkstra (DJ), Pollott (POL), and new-multiphasic (MULT) models comprised the mechanistic counterparts. Each model was separately tested on 305-d (>280 days in milk) and 999-d (>800 days in milk) lactations for cows in first parity and those in third and greater parities. All models were found to produce a significant fit for all 4 scenarios (2 parity groups and 2 lactation lengths). However, the resulting parameter estimates for the 4 scenarios were different. All models except MONO, DIPH, and LPM yielded residuals with absolute values smaller than 2 kg for the entire period of the 305-d lactations. For the extended lactations, the prediction errors were larger. However, the RK, DJ, POL, and MULT models were able to predict daily yield within a ±3 kg range for the entire 999-d period. The POL and MULT models (having 6 and 12 parameters, respectively) produced the lowest mean square error and Bayesian information criteria values, although the differences from the other models were small. Conversely, POL and MULT were often associated with poor convergence and highly correlated, unreliable, or biologically atypical parameter estimates. Considering the computational problems of large mechanistic models and the relative predictive ability of the other models, smaller models such as RK, DJ, and WD were recommended as sufficient for modeling extended lactations unless mechanistic details on the extended 
INTRODUCTION
Lactation curves are a valuable tool in designing suitable breeding and management strategies for cattle (Papajcsik and Bodero, 1988; Beever et al., 1991; Pietersma et al., 2001 ) as well as other species (Gipson and Grossman, 1990; Ruiz et al., 2000) . Population-and time-specific lactation models help genetic selection (Dekkers et al., 1996; VanRaden et al., 2006) , predict yield from incomplete data, analyze yield responses to management and environmental changes, diagnose problems, and identify opportunities for increased net merit effectively (Scott et al., 1996; Pietersma et al., 2001; Val-Arreola et al., 2004) .
Presently in a number of countries, many cows have lactations extended beyond 305 d (Vargas et al., 2000) . Lactation length has increased by about 30 d over the last decade in some populations (Gonzalez-Recio et al., 2004) . Recent studies show that over 55% of US Holstein cows record lactations longer than 305 d (Tsuruta et al., 2005; VanRaden et al., 2006) . The undesirable trend that exists with loss of fertility and reproductive failures in dairy cattle (Butler, 1998; Silvia, 2003) is a well-known contributor to extended lactations. However, extended lactations could be a part of management strategy (Tarazon-Herrera et al., 2000; GonzalezRecio et al., 2006) . Almost all validations and uses of the lactation models reported in literature have been for 305-d or shorter lactations, with rare exceptions (Vargas et al., 2000; Grossman and Koops, 2003) in which lactations extending up to 18 mo have been examined. Papajcsik and Bodero (1988) cited a list of 20 different empirical formulas developed since 1923. The incomplete gamma function (WD) proposed by Wood (1967) was the earliest popular model conceived for the whole lactation, although inverse polynomial (IP; Nelder, 1966) is still a favorite choice for modeling (Batra, 1986; Scott et al., 1996) . Subsequent attempts to improve WD with respect to its functional form, mathematical properties, and forecasting ability were reviewed by Beever et al. (1991) . Wilmink's exponential (WIL) function (Wilmink, 1987) has an advantage over WD and IP because the initial yield is not forced to zero. Rook et al. (1993) showed that their Mitscherich × exponential and Michaelis-Menten × exponential functions, which described the lactation curve as a product of growth and death processes of mammary cells, fit better than the WD model. Val-Arreola et al. (2004) found that the Michaelis-Menten × exponential function (RK) is the most superior model of Rook et al. (1993) . Grossman and Koops (1988) showed that both WD and IP overpredict yield during early lactation and underpredict the peak, and produce autocorrelated residuals. Alternatively, they proposed a multiphasic curve using sums of logistic functions to overcome those problems. Their monophasic (MONO) and diphasic (DIPH) variants (with 3 and 6 parameters, respectively) were supposed to be the optimal versions (Gipson and Grossman, 1990) . However, many have criticized the multiphasic model for its lack of a biological basis (Beever et al., 1991; Rook et al., 1993) . Grossman et al. (1999) also proposed a model to measure persistency of lactation. The proposed lactation persistency model (LPM) assumes a constant yield in mid lactation, and the length of this period is the measure of lactation persistency.
Alternatively, several mechanistic models have been developed to simulate the metabolic response of the whole animal with each term of the model having a biological interpretation (Beever et al., 1991) . The initial mechanistic model of Neal and Thornley (1983) was based on mammary cell differentiation and programmed cell death (apoptosis), but had limited practical use due to nonavailability of information on inputs required. Subsequently, Dijkstra et al. (1997) developed a 4-parameter model that describes the mammary growth pattern (cell proliferation and apoptosis) of mammals during pregnancy and lactation. The Dijkstra model (DJ) was found to fit well for lactations of dairy cows (Dijkstra et al., 1997; Val-Arreola et al., 2004) . Pollott (2000) proposed a model that mimics 3 processes including mammary cell differentiation, apoptosis, and milk secretion rate per cell. The basic Pollott model (POL) contained 6 parameters, with an additional parameter for each new factor (secondary growth, pregnancy, etc.). An alternative mechanistic version of the multiphasic model was proposed by Grossman and Koops (2003) . This new multiphasic model (MULT) contained 13 parameters that could be interpreted with respect to the shape of the curve. Such large models are expected to have better predictive ability but could be computationally demanding.
Alternative models have been compared with respect to their ability to fit individual lactation curves of various shapes (Macciotta et al., 2005; Silvestre et al., 2006) . Alternatively, the models have been used to describe average lactation curves of various groups such as parities and lactation lengths (Tozer and Huffaker, 1999; Vargas et al., 2000; VanRaden et al., 2006) . Groupaverage lactation curves are useful in design of optimization models, simulations, reproductive and management strategies (Freeze and Richards, 1992; Vargas et al., 2000; Pietersma et al., 2001) , and breeding (VanRaden et al., 2006) .
Until recently, lack of sufficiently large datasets on extended lactations has been a hindrance to modeling and a, b, c, d, g, h, i, j and k are parameters that define the individual curves.
extended lactations. The expansions made in 1997 in the AIPL-USDA database to store lactation records up to 999 d in length now allow extensive examination of the characteristics of lactation curves of US Holsteins and other breeds beyond 305 DIM. Subsequently, the productive life trait has been redefined in the US genetic evaluations to give credit to lactations extending up to 999 d (VanRaden et al., 2006) . At present, the credits are based on a modified version of the DJ model fitted to average 999-d/extended lactation curves of first, second, and greater parity groups.
The objective of this study was to compare the widely used empirical and mechanistic formulas with respect to their suitability for modeling the average (305-d) and extended (999-d) lactation curves of different parities of the present US Holstein population. The average lactation curves, representing the 305-d and 999-d lactations of first vs. third and greater parities, were separately modeled. cause those 2 parity groups showed 2 very different shapes of lactation curve (Figure 1 ). The second-parity curve had an intermediate shape. Thus, comparisons of models of second-parity data were not included in this article. Each lactation model was fitted once to testday data of all cows within a parity-lactation length subgroup to obtain a single set of parameter estimates for the average lactation curve of each of the 4 subgroups.
MATERIALS AND METHODS

Data Sources
Selection of Lactation Models
A wide range of empirical and mechanistic models available in literature were initially tested on mean yields (kg/d) of each 30-d interval of the lactations, and 9 of the best-fit models (WD, WIL, RK, DJ, POL, MONO, DIPH, MULT, and LPM) were selected for further analysis (Table 2) , based on lowest mean square error (MSE). The IP and Cobby and Le Du (1978) functions did not provide low MSE values consistently for all subgroups and were excluded from further consideration. Legendre polynomials are often used in random regression models to model individual lactation curves (Schaeffer, 2004) . However, the orthogonal Legendre polynomials of degree 2, 3, and 4, when tested in this study, did not fit the extended lactations as closely as the nonlinear functions. Individual test-day yields of the 305-d and 999-d subsets were fitted for the selected models within parity using a nonlinear regression procedure (PROC NLIN; SAS Institute, 2000). Initial search grid was specified covering the parameter bounds of each model. Convergence criterion was defined as the error sum of squares between successive iterations and was set to 10 −6 . The Marquardt method was used as the primary iteration method, but other available methods were also used with various step sizes (SSIZE = halve, golden, and cubic) when models failed to converge. Sum of squares of error (SSE), square root of MSE (root MSE), adjusted R-square (ADJRSQ), and asymptotic standard errors of the parameters were recorded. Some authors have used mean square prediction error (= SSE/no. of observations) to measure error variation because MSE is influenced by the number of parameters (Val-Arreola et al., 2004) . However, in this study both prediction error variance and MSE were very similar due to the large number of observations present. The Durbin-Watson test (Durbin, 1970) was conducted on the residuals of each model and parity group (using mean daily yields of each day of lactation) to test for possible first-order autocorrelations among residuals. The autoregressive procedure in SAS (PROC AUTOREG with dw=1 and dwprob options) provided the Durbin-Watson statistic, autocorrelation coefficient, and the associated probabilities. Model selection criteria included SSE, root MSE, ADJRSQ, convergence properties, standard errors of estimates, positive autocorrelation of errors, and Bayesian information criteria (BIC; Leonard and Hsu, 2001 ). The BIC are parsimony based model-order selection criteria that penalize the model for inclusion of additional parameters while rewarding for improved fit, as follows:
where L, K, and N represent the maximum likelihood, number of independent parameters in the model, and sample size, respectively (Leonard and Hsu, 2001; ValArreola et al., 2004) . Consequently, the best model was selected based on the smallest numerical value of BIC. The nonlinear mixed procedure (PROC NLMIXED; SAS Institute, 2000) was used to obtain BIC for each model.
The preliminary analysis also included fitting the selected models on test-day fat and protein yields within parity-lactation sub groups. All 9 models satisfactorily described the fat and protein yields of extended lactations. Wood's model, having the fewest parameters and wide applicability, was chosen to report the respective parameter estimates for fat and protein lactation curves of all 3 parity groups.
RESULTS AND DISCUSSION
Observed Lactation Curves
The average 15th day and peak yields of each paritylactation length subgroup are given in Table 1 . Peak day was considered as the DIM on which daily average milk yield of the subgroup was highest. Table 1 shows that the long lactating cows (>800 DIM) in the data (999-d group) tended to reach a higher peak (on aver- age) at a later DIM although they started slower than the entire group of cows that reached 280 DIM (305-d group). Clear differences can also be seen between the lactation curves of first parity and the 3+ parity group, with the mature cows (3+ group) reaching a higher peak earlier than the maturing heifers. Generally, there can be many reasons for cows to be allowed to continue for extended lactations. However, in this study, the 999-d group was more persistent than the 305-d group ( Figure  1) . Because of the differences in shapes of lactation curves, the parameter estimates were expected to differ depending on parity or lactation length.
Fits of Lactation Models
The F-values associated with the model sum of squares showed that all 9 models in general provided highly significant fits (P < 0.01) for all 4 parity-lactation length subgroups. Most models provided similar lactation curves that described the data accurately. The MONO and LPM models were exceptions for some subgroups. Figure 2 (a and b) was included to provide a visual representation of the fits of several curves. The curves produced by the MONO, DJ, and MULT models for 305-d and 999-d lactations of cows in third and greater parities exemplify poor, average, and better fits, respectively. For a 999-d lactation of the third and greater parity group, MONO produced a monotonically decreasing curve (Figure 2b ). Table 3 shows the parameter estimates and selection criteria for the various models fitted on 305-d (>280 DIM) lactations of first-parity cows. Figure 3 shows that, for the US Holsteins considered, all models predicted the average yield with respect to each DIM of 305-d first lactations with an absolute error margin of <2 kg, except the MONO, DIPH, and LPM models, which had relatively larger prediction errors at early stages of lactations. The WIL and RK models predicted the peak day most accurately (±1 d margin) although DJ and MULT were very close. The widely used WD model had its peak 8 d later than the actual peak. The LPM model predicted a plateau of peak yield persisting for about 180 d starting from wk 4 of lactation, which is unrealistic, and resulted in the poorest fit. Having more than 5 parameters, the POL and MULT models recorded the lowest SSE and the highest ADJRSQ values, with the WD and RK models also providing very close estimates. The ADJRSQ was less than 8% for all models. In this study, the models were fitted to the parity-lactation length subgroups instead of on lactations of individual cows. The substantial variation in the test-day yields of cows at each DIM caused the very low ADJRSQ values. The Durbin-Watson statistic showed that all models except MULT had significantly positive autocorrelation of residuals. Positive autocorrelations occur when adjacent values of residuals tend to share the same sign (positive or negative) more than randomly possible. Figure 3a clearly shows a typical positively autocorrelated pattern of residuals in WD, WIL, RK, and DJ models. The above results were comparable with those reported by Pollott (2000) and Grossman and Koops (2003) . The MULT model was slightly superior to POL with respect to root MSE. However, MULT resulted in highly correlated parameter estimates that made the respective Hessian matrix nonpositive definite. This has also caused some parameter estimates to have large standard errors, making them nonsignificant or unreliable. Although the parameters of MULT are claimed to be biologically meaningful (Grossman and Koops, 2003) , estimates falling beyond the reasonable bounds (with large standard errors) have made them less useful in explaining the underlying biology. Among the models with <5 parameters, WD was the best with respect to root MSE and ADJRSQ.
305-d Lactations
Similar performance of the models can be seen in the 305-d lactations of cows in third and greater parities, with POL and MULT recording the lowest SSE and the highest ADJRSQ values (Table 4 ). The BIC values of POL and MULT were also comparable with the estimates of the models with fewer parameters, implying that those 2 models produce likelihood estimates large enough to overcome the penalty assigned by the BIC for having more parameters. However, MULT was marginally better than POL with respect to root MSE, as experienced by Pollott (2000) . The MULT model also predicted the peak day exactly whereas WIL, RK, DJ, and POL had predictions within a 7-d absolute error margin. However, MULT again resulted in a singular Hessian matrix with strong correlations among parameter estimates indicating a possible overparameterization of the model. The estimates of MULT such as a (asymptotic value of milk secretion potential, kg/d) and h (relative rate of change in secretion rate) are clearly out of the expected range, and some parameters are nonsignificant (P > 0.05). However, the estimates of POL were within the bounds imposed by the mechanics of the model and were readily interpretable. For example, parameter a represents the maximum potential daily milk production of the udder if all parenchyma cells were differentiated at the same time and were operating at the highest secretion rate (Pollott, 2000) . Because it is almost unlikely that all parenchyma cells become differentiated and operate at the highest rate at exactly the same time, observed peak yields are almost always less than the maximum potential production (a). The model estimates show that the maximum potential daily milk production was 33.6 kg for heifers and 53.5 kg for the older parity group. These average estimates for the population seem reasonable given that the observed peaks were 33 and 44 kg, respectively (Table 1) . Among the simpler models, WIL showed the best fit although the differences among them were marginal. The DIPH model (with 6 parameters) performed better than the MONO model (as expected) although its performance relative to the models with fewer parameters was not satisfactory (contrary to the findings of Vargas et al., 2000) . Figure 4 shows that the residual distribution of the models for cows in third and greater parities was somewhat similar to those of the heifers, except that the overprediction by several models during the first few weeks of lactation was higher for older cows. Autocorrelations of residuals were also significant for all models. The root MSE values in Table 4 are higher  than the respective values in Table 3 , indicating the higher yield variability within older cows compared with within first-parity cows. However, the respective ADJRSQ values were also higher in Table 4 due to the higher model sum of squares generated by the shape of lactation curve of older cows with higher peak. Figure 4 shows that all models described the extended lactations of first parity reasonably well up to 999 d, except MONO, DIPH, and LPM, which had large absolute prediction errors (>4 kg) at early stages of lactation (contrary to the findings of Grossman and Koops, 1988) . For extended lactations of first-parity cows, the MULT, POL, and RK models produced the lowest prediction errors, with MULT being marginally the best (Table 5 ). The BIC values showed that the RK model (having fewer parameters) was superior to the other 2 models. All models (except LPM with a plateau of peak yield) predicted peak day to be later than actual, with POL having the lowest error. Again, the Grossman models (except LPM) had singular Hessian matrices and atypical values for some parameters. The LPM model, although computationally less problematic (due to few parameters), did not provide a satisfactory fit for any stage of lactation contrary to the results on extended lactations by Vargas et al. (2000) . The plateau of yield expected by the LPM model during mid lactation (the duration of which is the intended measure of persistency) seems unrealistic for 305-d as well as 999-d lactations of US Holsteins.
Extended Lactations
For the third and greater parities, the MULT model again had the lowest root MSE and BIC values, followed by DJ and POL (Table 6 ). The MULT model also had the closest prediction of peak day. The MONO model produced a continuously decreasing curve atypically peaking at the onset of lactation. Here, POL resulted in a singular Hessian matrix with an inexplicably large estimate for the highest potential yield (a). Attempts to lower the upper bound for parameter a to reasonable values resulted in lack of convergence. Val-Arreola et al. (2004) experienced the same problem when POL was used on lactations of less than 400 DIM. The LPM model, with its long plateau of yield, once again produced the poorest fit.
Residual variation was higher in mature cows ( Figure  6 ) than in heifers ( Figure 5 ) for all models. This is also related to the larger root MSE values in Table 6 compared with those in Table 5 . This is partly because the higher parity group included records from the third to ninth lactation. However, all models were able to predict daily yield within an error margin of ±2 kg for over 90% of the extended lactations. Because the prediction errors are less than 10% of the magnitude of daily yield (which includes measurement errors), it is evident that even the 3-parameter models can be used to model extended lactations with reasonable accuracy.
Fat and Protein Yields
The performances of alternative models with respect to describing fat and protein yields of extended lactations were similar to those for milk yield. Because all models provided highly significant fits (P < 0.001), only the parameter estimates of WD model (having the fewest parameters) are given in Table 7 . The measure of persistency [c −(b+1) ] of the WD model (Wood, 1967) in Table 7 showed that the older cows were less persistent than the heifers with respect to producing fat and protein. In addition, the cows with extended lactations showed high persistency compared with their 305-d counterparts with respect to fat and protein yields, in spite of changes taking place in milk composition during lactation.
Biological Implications
The physiological processes of extended lactations seem somewhat different from those of 305-d lactations. of extended lactations are less affected by pregnancy. Mechanistic models help analyze possible underlying reasons for the differences in lactation curves of various genetic or nongenetic groups. For example, in the DJ model, parameters a and b represent theoretical initial milk production and specific rate of parenchyma cell proliferation, respectively. Consequently, the higher estimates of a and b for the ≥3 parities (Tables 3 vs. 4 , and 5 vs. 6) are comparable with their initial higher daily yields than heifers. On the other hand, withinparity comparisons (Tables 3 vs. 5, and 4 vs. 6) show that parameters c (decay parameter) and d (specific rate of cell death) were smaller for extended lactations, indicating their higher persistency compared with their shorter counterparts. Accordingly for POL model, parameters a (asymptotic value of milk secretion potential) and b (proportion of parenchyma cells differentiated at parturition) were higher for the older group (≥3 parities) following their high yield. Moreover, the smaller within-parity estimates for g (relative death rate of cells) for the long lactating cows again partially explained their higher persistency than those with shorter lactations. Alternatively, persistency measures of the empirical models (e.g., c −(b+1) of WD, parameter d of LPM) also show higher values for long lactating cows, although they do not provide a causative explanation.
The parameter estimates reported in the present study describe the current situation of the US Holstein population. However, use of those estimates for extrapolation to the future yield of cows that are in their mid lactations could be misleading. One reason is that not every cow in the present population (or the data set) was given an equal opportunity to produce extended lactations. The present findings allow accurate modeling of milk yield only of cows that had the opportunity for extended lactations. However, parameter estimates of this study document the sustained yields of a substantial part of the present US Holstein population.
Convergence Properties
The models with fewer parameters (WD, WIL, RK, DJ, MONO, and LPM) reached convergence consistently and quickly regardless of the prior estimates or the iterative method used in NLIN and NLMIXED procedures, similar to the findings reported by Vargas et al. (2000) and Val-Arreola et al. (2004) . When the NLIN procedure (least squares approach) was used, the steepest descent iterative method had a slower rate of convergence compared with Gauss-Newton, Newton, or Marquardt methods, but was sometimes useful when priors were poor. The Marquardt method, which follows an intermediate path between Gauss-Newton ( Taylor Table 5 series-based) and Newton (second-derivative based) methods (SAS Institute, 2000) , was often found to be better in reaching convergence when the parameter estimates were highly correlated. The Marquardt method also provided estimates with smaller MSE than PROC NLMIXED, which uses a maximum likelihood approach and dual quasi-Newton algorithm by default. The models with more than 5 parameters were very sensitive to the priors because unsuitable priors often resulted in lack of convergence or reached a local minimum. In some cases, lack of convergence could be avoided by changing the iterative procedure or step-size option (halve, golden, or cubic). Occasionally, a better convergence (lowest SSE and MSE) could be reached with parameter estimates falling beyond the acceptable bounds that were initially specified by the large models; however, this made the parameters uninterpretable. When the possible computational problems associated with larger mechanistic models are weighed against the satisfactory predictive ability of smaller empirical models, the smaller models (such as WD, RK, and DJ) can be favored for modeling extended lactations, unless investigation of underlying lactation physiology is intended. Being a smaller mechanistic model, the DJ model seemed to be a good choice if biological interpretation of parameters is required.
CONCLUSIONS
Longer lactating cows on average are also high producers with greater peaks and persistency. Consequently, within-parity parameter estimates of 305-d lactation curves were different from those of extended lactations. Parameter estimates of lactation models used for designing management and breeding strategies and developing software packages for any other purpose based on 305-d lactations may not be entirely appropriate for the cows with longer lactations. Although complicated mechanistic models with 6 parameters or more, if converged properly, could reveal the details underlying extended lactations more precisely, 
